A rigorous analysis of ultrashort pulse shaping by the spectral filtering of dispersed frequency components is presented. Particular attention is directed toward the case of two liquid-crystal spatial light modulators used to provide programmable manipulation of both the phase and the amplitude profiles of the shaped waveform in the time domain. Different optical configurations are evaluated and their theoretical and practical effects determined. An important result is that, even with optimal alignment and components, the diffraction arising from spectral filtering necessarily produces a transverse spatial shift that varies linearly along the temporal profile of the shaped waveform. Despite this effect it is shown that the technique can generate arbitrary phase and amplitude temporal profiles (subject to limitations in temporal extent and temporal resolution) for the Gaussian spatial component of the shaped output waveform.
INTRODUCTION
Femtosecond optical pulses have produced a revolution in spectroscopy as well as many exciting possibilities in optical communications. Lately there has been growing interest in the generation of shaped femtosecond waveforms for a variety of applications. A substantial amount of literature already exists on the application of ultrafast optical waveforms to mode-selective chemistry. 1 This field expands the context of spectroscopy to emphasize detailed optical control over chemical events. Many schemes have been proposed [2] [3] [4] [5] and some performed experimentally. [6] [7] [8] Applications to high-speed optical communication, 9 all-optical switching, 10 and soliton propagation in fibers 11 have also been demonstrated. Clearly the ability to synthesize specified optical waveforms offers considerable possibilities throughout the field of ultrafast optics.
Although some pulse-shaping techniques have been developed that modulate waveforms directly in the time domain, 12, 13 and some emerging techniques involve holography, [14] [15] [16] the majority of pulse-shaping efforts have involved the linear filtering of spatially dispersed frequency components [17] [18] [19] [20] as pioneered by Weiner et al. [19] [20] [21] [22] and at Bellcore. Typically, optical frequency components are spatially dispersed within a simple lens-and-grating apparatus (Fig. 1) . The dispersed frequency components are focused onto a spatially varying mask. The mask attenuates (or retards) some components and allows other components to pass unaffected. The filtered frequency components are recombined, producing the shaped waveform. The mask patterns were originally etched onto glass substrates by microlithography. 20 This technique provides excellent spatial resolution, but because the patterns are permanently etched there is no possibility for flexible, on-the-spot generation of new waveforms. A major advance was the use of a liquid-crystal (LC) spatial light modulator (SLM) as a mask, 21, 22 as demonstrated by Weiner and co-workers. The pixels of the LC SLM can be individually addressed, so the mask becomes programmable and can be used to iteratively improve a specified waveform or can be changed to produce a new waveform. The LC mask demonstrated originally was used to variably retard the dispersed frequency components, i.e., as a phase mask, to generate waveforms with linear, quadratic, and cubic spectral phase sweeps as well as temporal odd pulses and various types of pulse train. 21, 22 Recently we reported the use of two LC SLM's to manipulate both spectral phase and amplitude, using only commercial components. 23, 24 Subject to the available bandwidth of the input pulse and the spatial resolution of the mask, this allows for the production of arbitrarily shaped temporal waveforms. Waveforms as long as 2.9 ps with features as short as 70 fs, including a variety of pulse trains with specified intensity and /or phase profiles, could be generated. Numerical algorithms were written to take into account the specific characteristics and limitations of the optical system, so the user need specify only the desired waveform and not the detailed mask pattern. Current efforts have improved the fidelity of waveforms requiring two LC SLM's by increasing the number of pixels and reducing the size of interpixel gaps in the individual LC SLM's and by combining two improved masks into a single device with improved alignment. 25 Examples of waveforms produced with this improved apparatus are shown in Fig. 2 . With these improvements waveforms such as phase-related multiple-pulse sequences have been used to demonstrate automated multidimensional optical spectroscopy. 26 The possibility of using a programmable acoustooptic modulator in place of the LC SLM has also been reported. 27 In principle, such a device can produce a continuous mask filter without interpixel gaps. A single acousto-optic modulator device should permit manipulation of both spectral amplitude and phase.
In this paper we rigorously analyze the pulse-shaping operations, including the effects of the gaps between adjacent pixels of the LC SLM, the discrete nature of the mask, and diffraction off one or two masks. The em- Fig. 1 . 4-F pulse-shaping apparatus. A grating angularly disperses an ultrashort pulse, and a lens collimates and focuses the laterally dispersed frequency components onto different regions of a spatially varying mask. The mask attenuates or retards selected frequency components. A subsequent lens and grating recombine the spectrally filtered light, producing a shaped waveform in the time domain. Fig. 2 . Examples of shaped ultrafast waveforms generated from a 70-fs input pulse with our improved pulse-shaping apparatus and measured by cross correlation with an unshaped reference pulse. (a) 800-fs optical square pulse. The structure on the top of the square pulse follows from the limited bandwidth of the input pulse. (b) Phase-related equal-amplitude three-pulse sequence. (c) Phase-related five-pulse sequence. The desired waveform for (c) is given by the dashed curve. In all cases manipulation of both spectral amplitude and spectral phase is required for production of the desired waveforms. phasis is to set up a formalism that clearly describes the experimental effects of different pulse-shaping setups. Because two LC masks are required for manipulation of both spectral amplitude and phase, a particular concern is whether the two masks should be used within a single telescope (4-F arrangement, where F is the focal length) or whether the frequency components should be dispersed and filtered twice within two telescopes (8-F arrangement) as in our initial demonstration (Fig. 3) . Our purposes are to evaluate effects that limit the fidelity of the shaped waveform and to determine methods that optimally compensate for these effects in such a way that a user need only specify a desired temporal waveform and not formulate detailed mask patterns.
In Section 2 the filter produced by a series of one or two LC masks and polarization optics in various arrangements is presented. It is shown how two LC filters can be combined to provide independent control over retardation and attenuation.
In Section 3 the temporal response resulting from a discrete filter within the grating-and-lens apparatus is derived. It is shown that the temporal resolution of the shaped waveform is limited by the bandwidth available in the input pulse and that the spatial resolution of the mask limits the temporal range of the shaped waveform. Furthermore, the discreteness of the masks produces replica waveforms outside this temporal range. All these results were previously reported by the Bellcore researchers. 20, 22 However, we also explicitly include the contribution from interpixel gaps and perform the derivation in a discrete formalism. The gap contribution reproduces the input pulse at zero time with an amplitude proportional to the gap size. This feature can interfere with time-coincident parts of the desired waveform, leading to significant waveform distortion. The discrete formalism describes the output waveform in terms of the spectral filters of the individual pixels and can easily be extended to the modeling of waveforms generated with two masks. The discrete formalism is also employed in Section 6 in determination of the appropriate mask patterns for userspecified waveforms. In Section 3 we also reproduce an earlier calculation 28 by the Bellcore researchers that solves for the Gaussian spatial mode of the output waveform after spectral filtering by a single mask. The mask pattern diffracts the input pulse into different spatial Fig. 3 . 8-F pulse-shaping apparatus. In this case two 1:1 telescopes are placed between parallel gratings so that angularly dispersed frequency components are focused and filtered twice. A combination of polarizers (Pol's) and wave plates is used so the first LC SLM attenuates the frequency profile and the second LC SLM manipulates the relative phase of the frequency profile. modes, each with a different temporal modulation. It is assumed that an aperture will retain only the Gaussian spatial mode of the output beam. In this case the output waveform includes a broad Gaussian temporal modulation that helps to remove the replica features produced by discrete Fourier sampling.
In Section 4 an exact expression for the space -time profile of a waveform shaped through filtering of spatially separated frequency components is derived. One fascinating result is that the output waveform shaped by a single mask undergoes a time-dependent transverse spatial shift. 25, 29 Rather than shaping the waveform along its propagation axis (z axis), we shape it along an axis in the x -z plane. The slope of this timedependent shift depends inversely on the angular dispersion produced by the grating. This result is true even for continuous masks without gaps and therefore applies to pulse shaping with acousto-optic modulators as well as with LC SLM's. If the mask is displaced from the focal plane of the lens pair, the output waveform acquires a small divergence that also depends linearly on time.
In Section 5 we present the space -time profiles for waveforms shaped by two masks in a 4-F or an 8-F arrangement, using the methods of Section 4. These results describe the cases in which the combined spectral filter for the two masks can be approximated by the product of the individual masks. Under this assumption, two LC SLM's can be considered a single mask capable of independently filtering both amplitude and phase. It is shown that for an optimally aligned 8-F arrangement the combined spectral filter is given exactly by the product of the two individual LC SLM's. In general the separation of two masks and their displacement from the focal plane(s) of the lens pair(s) produce variations in spectral path length as light is diffracted by the individual masks. This modifies the effective spectral filter produced by the pair of LC SLM's. It is shown that, for the temporal profile of the Gaussian spatial mode of a waveform shaped by a pair of LC SLM's that filter orthogonal polarizations, these effects can be eliminated. The temporal profiles for the Gaussian spatial mode of the output waveform for 4-F and 8-F arrangements are also presented.
In Section 6 a practical method to determine the appropriate mask patterns for user-specified waveforms is presented. Simulations illustrate that for most circumstances one can consider two LC SLM's as equivalent to a single mask capable of an arbitrary spectral filter. Under such circumstances it is shown that one can easily generate user-specified waveforms. Alternatively an iterative algorithm is presented that can determine appropriate mask patterns for spatially separated masks even with significant misalignment (such as lack of registration).
In Section 7 some practical concerns and future prospects such as improvements in LC SLM technology and practical implementation of user-specified waveforms are discussed.
Throughout the paper the following mathematical conventions are used. Fourier-transform pairs and discrete Fourier-transform pairs (for a sequence of length N) are described, respectively, as follows:
where F ͑k, v͒ is the Fourier transform of f ͑x, t͒ and A n is the discrete Fourier transform of B n . Convolution of two functions f (x) and g(x) to give h(x) is defined as
The z axis is the propagation direction for the beam. The x axis defines the orientation of the mask pattern and the direction along which the optical frequency components are dispersed by the gratings. The y axis is along the height of the individual pixels of the mask. The temporal profile e(t) of waveforms is described independently of the waveforms' optical carrier frequency v, so, for example, the unshaped pulse e in ͑x, t͒ entering the pulse-shaping apparatus is described as
where e in ͑t͒ is the temporal envelope and g (x) is the spatial profile.
LIQUID-CRYSTAL FILTER
The LC SLM consists of a thin (5 -20-mm) nematic LC layer sandwiched between two silica substrates. The two substrates are coated with indium tin oxide, which is optically transparent but electrically conductive. One substrate acts as a ground plate, while the second is patterned with a linear array of N evenly spaced, equalsized electrodes that define the pixels of the SLM. The LC's are rodlike molecules that have a variable birefringence. They tend to align themselves with an applied electric field, so their birefringence is voltage dependent and can be controlled from pixel to pixel. The regions of LC between the patterned electrodes cannot be controlled and are referred to as gaps. In these gap regions the LC's behave, ignoring fringing fields, as though there were zero applied voltage so that the filter for the gap regions is assumed to be constant across the array. We define the axis along the SLM array as the x axis, the axis across the LC thickness as the z axis (light propagation direction), and the axis along the individual pixels as the y axis. The LC SLM can be fabricated with the long axes of the LC's aligned along any axis in the x -y plane, which is defined as the c axis. As a voltage is applied across individual pixels the LC's tilt from the c axis toward the z axis in the c -z plane. For light propagating along the z axis this produces a variable index of refraction for light polarized along the c axis and a constant index of refraction for light polarized orthogonally to the c axis. The difference in retardance Df for these orthogonal polarizations is given by
where Dn͑V ͒ is the voltage dependence birefringence, V is the applied voltage, v is the angular frequency of the light, c is the speed of light in vacuum, and l is the LC layer thickness. For light polarized along the c axis the LC SLM acts as a variable phase retarder or phase mask, producing a filter B n for pixel n given by B n exp͓iDf͑V n ͔͒ .
Typically LC SLM's used as phase masks have the LC's aligned (at zero applied voltage) along the y axis ͑c y͒.
Weiner and co-workers at Bellcore showed that if instead the LC's are aligned along the x axis (which is along the array), then the LC's near the pixel edges are affected by adjacent fields and are not properly controlled. 22 If the alignment of the LC's (c axis) is at 45 deg from the polarization of the incident light, then the LC filter is a polarization rotator. For incoming light polarized along the x axis and the c axis given by x 1 y, the filter for pixel n is given by
If a polarizer that is crossed ( y axis) or parallel ( x axis) to the incident polarization is placed after the LC SLM, the resultant filter can attenuate incident light, producing an amplitude mask. So, for crossed polarizers, the filter for pixel n is B n exp͓iDf͑V n ͔͒exp͓iDf͑V n ͒͞2͔sin͓Df͑V n ͒͞2͔.
Equation (9) shows that an amplitude mask also imparts an attenuation-dependent phase retardance. Weiner and co-workers showed that, by configuring a single LC SLM as an amplitude mask, measurement of the voltagedependent attenuation allows one to calibrate a given LC SLM and to determine Df͑V ͒.
To produce a filter capable of independent control of retardance and attenuation, two LC SLM's are required. In our original demonstration, 23 two LC SLM's with LC's aligned along the y axis were used, and each was placed within a separate telescope in an 8-F lens and grating pulse-shaping apparatus (Fig. 3) . The highly dispersive gratings preferentially diffracted x-polarized light, so halfwave plates and polarizers were used to configure the first LC SLM as a phase mask and the second LC SLM as an amplitude mask, producing an arbitrary spectral filter. Note that the phase mask needs to correct for the retardance imparted by the amplitude mask.
For two LC SLM's combined into a single device and placed in a 4-F arrangement there is no room for intermediate polarization optics between the two masks. This practical problem arises because each mask should be as close as possible to the (single) focal plane and because sandwiching of a polarizer between two masks in a single structure could result in considerable heating and phase distortion as a result of absorption of light of the unwanted polarization. To produce an arbitrary filter in this case, the alignment of the LC's in the two masks could differ by 45 deg. The first mask would have LC's aligned along the y axis, again acting as a phase mask, while the second mask would have LC's aligned at 45 deg from the y axis so that, when followed by a polarizer along the x axis, it acts as an amplitude mask. For this arrangement the incident light must be y polarized.
The filter for both of these 4-F and 8-F setups would be given by
where the superscripts denote the first or the second mask and the pixel-dependent voltage for the retardances Df ͑i͒ ͓V ͑i͒ n ͔ has been implicitly included. Alternatively, one could produce an arbitrary filter by combining two LC SLM's whose LC's differ in alignment by 90 deg. This would produce independent retardances for orthogonal polarizations. If the LC's for the two masks were respectively aligned at 245 and 145 deg from the x axis, the incident light were polarized along the x axis, and the two LC SLM's were followed by a polarizer aligned along the x axis, the filter in this case for pixel n would be given by
where the dependence on the voltage for pixel n is again implicitly included. In this case neither mask acts alone as a phase or amplitude mask, but the two in combination are capable of independent attenuation and retardance. Furthermore, as the respective LC SLM's act on orthogonal polarizations, light filtered by one mask is unaffected by the second mask. In Section 5 we show that this eliminates multiple-diffraction effects of the two masks.
TEMPORAL RESPONSE FROM PULSE SHAPING
A. Grating-and-Lens Apparatus To filter dispersed frequency components, using spatially varying masks, one needs to image the focused spectrum of the ultrashort pulse onto the masks. For a single mask this is most easily accomplished by a pair of gratings and lenses configured in a 4-F arrangement (shown in Fig. 1 ). This setup has been studied in detail by Martinez as a way to produce positive group-velocity dispersion (GVD).
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The first grating angularly disperses the frequency components of the ultrashort incident pulse. The grating is placed in the back focal plane of a subsequent lens, so that the lens collimates the spatially separated frequency components and focuses the individual frequency components onto the spatially varying mask placed in the front focal plane of the lens. The mask is in the back focal plane of a second lens (so that the lens pair forms a telescope around the mask), which collimates the individual frequency components and bends them toward a second antiparallel grating that is in the front focal plane of the second lens. The second lens and the second grating thus recombine the spectrally filtered pulse, yielding a shaped pulse in the time domain.
A second mask can be placed either immediately behind the first mask or in the focal plane of a second lens pair.
In the latter case the two gratings and the four lenses form an 8-F arrangement, as shown in Fig. 3 . In the former case the second mask is displaced from the focal plane of the telescope, and so the spectrum that it filters is not perfectly in focus; we study the effect of this in Section 5. In the latter case the spectrum is imaged and filtered twice, and the gratings are placed parallel rather than antiparallel.
For a mask consisting of a linear array of evenly spaced pixels it is important that each pixel sample a frequency range of the same magnitude so that linear sampling is maintained. First-order diffraction off a grating is given by
where l is the wavelength, d is the spacing between grating lines, and u i and u d are angles of incidence and diffraction, respectively. The first lens brings the diffracted rays from the first grating parallel. The lateral displacement x of a given frequency component l from the center frequency component l 0 immediately after the lens is given by
Expanding x as a power series in angular frequency v gives
where
c is the speed of light, and v is the central carrier frequency of the input pulse. Usually the expansion is terminated after the linear term, so that the frequency components are laterally dispersed linearly across the masks. However, for very broad bandwidth pulses ( pulse with durations # 20 fs) this assumption may break down. Subtle second-order dispersion effects have been noticed experimentally by Weiner and co-workers. 20 In general the ratio of the second-order term to the first-order term is
For a central wavelength at 800 nm, with the mask accommodating the spectrum of a 60-fs pulse, the secondorder term is ϳ5% of the first-order term at the edges of the mask. For pulse durations of less than 20 fs it may be necessary to design the mask such that its pixels become physically smaller near its edges to account for the quadratic term of the angular dispersion from the grating. For the remainder of this analysis we assume that the frequency components are linearly dispersed across the mask, according to
Equation (17) describes the transverse position of the spatial center of frequency component v. For the 4-F and 8-F arrangements these central positions remain constant throughout each telescope. However, the spatial profile of each individual frequency component is focused by the first lens onto the mask and then recollimated by the second lens so that the spatial width of each component changes within each telescope.
Note that for a properly aligned setup there is no pathlength variation (no GVD) for the different frequency components because the refraction in the achromatic lenses compensates for the path-length variation that arises from the angular dispersion. Therefore, in the absence of a mask, a pulse will emerge unaltered by the apparatus. However, one can introduce positive and negative GVD by moving the last grating away from the front focal plane of the last lens. It is clear from ray optics that this will introduce a quadratic variation in optical path length P ͑v͒ that is equivalent to GVD:
This can be used to compensate for GVD arising from different optical elements including the LC mask that are contained in the grating-and-lens setup. This strategy is used routinely in ultrafast optics for GVD compensation and pulse compression. 
B. Fourier Transform of the Mask Pattern and the Shaped Waveform
Ignoring spatial (diffraction) effects, the mask pattern m(x) filters the dispersed input spectrum E in ͑V͒ as follows:
where E in ͑v͒ is the Fourier transform of e in ͑t͒, g͑x͒ is the spatial profile of the input pulse, and V v 2 v. The mask can manipulate the amplitude profile of E in ͑V͒ through attenuation and the phase profile of E in ͑V͒ through retardation (varying optical path length) of selected frequency components. The mask filter cannot introduce any new frequency components, so temporal features in the shaped waveform are limited by the bandwidth available in the input pulse. Unless one is willing to throw away energy from the center of the pulse spectrum, this implies that the features of the shaped waveform cannot be shorter than the bandwidth-limited input pulse. It is assumed that the lateral dispersion of the lenses and gratings is such that the mask can accommodate the entire bandwidth of the input pulse. The shaped waveform in the time domain is given (ignoring spatial effects) by the inverse Fourier transform of Eq. (9), whose envelope is given by the convolution of the input pulse envelope e in ͑t͒ with the inverse Fourier transform of m͑aV͒. Even when spatial effects are taken into account, it is clear that the Fourier transform of the mask pattern will be directly related to the shaped waveform.
The mask filter m(x) is given by
where w is the distance between the centers of pixels (which includes the gap spacing), x 0 is the displacement of the center of the middle pixel ͑n 0͒ of the mask from the v v central frequency component, r is the pixel width divided by the pixel width plus the gap width, N is the total number of pixels on the mask, B n is the filter for pixel n, B g is the filter for the gaps, and ≠͑x͒ denotes the Dirac delta function. Note that B i are necessarily less than or equal to 1. The square function squ(x) is defined as
To simplify the calculation of M(k), the Fourier transform of m(x), we assume that the pattern defined by the N pixels of the SLM repeats infinitely for x ! 6`. Although the mask has a finite width, this simplification is justified if the dispersed frequency spectrum fits on the actual width of the array. This is because there will be no contributions to the shaped waveform from regions of the masks upon which no frequency components are incident. Even if the spectrum of the input pulse does not completely fit on the mask, the equations still obtain as long a spectrally windowed input pulse is substituted for the original input pulse.
With this assumption, M(k) is given by the Fourier transform of a modified Eq. (10) in which the sum is extended to 6`and the N length pattern for B n is repeated infinitely. The result is
where rem(n, N ) gives the remainder of n͞N and A n is the discrete Fourier transform of the N length sequence B j . Each dispersed frequency component incident upon the mask has a finite spot size associated with it. This blurs the discrete features of the mask and gives rise to diffraction. To exploit the spatial resolution of the mask, the incident frequency components should be focused to a spot size comparable with or less than the pixel width. If the spot size is too small, replica waveforms that arise from discrete Fourier sampling will be unavoidable. If the spot size is too big, the blurring of the mask will give rise to substantial diffraction effects.
To study this effect we reproduce a derivation by Thurston and co-workers at Bellcore 28 in which the shaped waveform is expanded into transverse GaussianHermite spatial modes. The assumptions in this derivation are that the spatial profile of the input pulse is Gaussian, that the mask is exactly in the focal plane of the lens pair, and (most importantly) that only the Gaussian transverse spatial mode of the shaped waveform needs to be retained. Light that is diffracted off the mask into higher-order spatial modes is assumed to be removed by the spatial filtering of a subsequent aperture. We drop this assumption and study more carefully the light diffracted out of the Gaussian spatial mode in Section 4.
The amplitude A͑v, x, y͒ of the field as a function of angular frequency and position in the masking plane can be expressed as
where u 00 ͑x, y͒ is the spatial profile of a transverse spatial Gaussian mode with spot size w 0 in the focal plane of the lens pair:
A͑v, x, y͒ is now expanded in transverse HermiteGaussian modes u mn ͑x, y͒:
If only the Gaussian spatial mode is retained after the mask, the spectral content of the shaped waveform will be given by A 00 ͑v͒. Solving for A 00 ͑v͒ by using the orthogonality of the Gaussian -Hermite modes gives
The inverse Fourier transform of A 00 ͑v͒ thus gives the temporal profile of the shaped output waveform:
e out ͑x, y, t͒ u 00 ͑x, y͒exp͑ivt͒
where M(k) is given by Eq. (23) and g(t) is defined as
Thus the effective temporal response of the mask filter, when diffraction is taken into account, involves a Gaussian envelope that further modulates Eq. (23) .
Combining the results of Eqs. (23), (28), and (29) gives the following result for the profile of the temporal profile of the Gaussian spatial mode e out 00 ͑t͒ of the shaped waveform:
t 2pa͞Nw, and ≠ nk is the Kroenecker delta function.
The spectral bandwidth of the incident pulse is assumed to fit on the mask, so t is necessarily smaller than the incident pulse width of the input light. The shaped waveform is thus given by the superposition of evenly spaced input pulses with varying complex amplitudes. This formalism easily lends itself to computation (especially for the case of two masks) because the coefficients C n are determined discretely and they (along with the input pulse) completely determine the shaped waveform.
C. Features of the Shaped Waveform

Single Ideal Mask
The implications of the derivation in Subsection 2.B are now described. It is instructive to begin with the ideal case in which we have a single mask with negligible gaps ͑r 1͒ that is aligned with the center of the dispersed frequency spectrum ͑x 0 0͒. For this case we have
Because t is smaller than the input pulse width, adjacent pulses in Eq. (30) can interfere, and so Eq. (30) can describe an arbitrary temporal waveform as long as its temporal features are no shorter than the input pulse. However, only the middle N coefficients of C n are uniquely specified by the mask pattern, so the shaped pulse is controlled only for a time interval defined by
Outside this time window (whose width is related to the smallest feature of the mask), replica waveforms are produced. The entire waveform is also modulated by the sinc function in Eq. (32) . These features follow directly from the sampling theorem for Fourier transforms.
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If the spot size for the dispersed frequency components were infinitesimal, the replica waveforms would persist unavoidably for a significant duration under the sinc envelope. Instead the finite spot size for each frequency component blurs the discrete features of the mask, and this modulates the shaped waveform with the Gaussian envelope in Eq. (32) . The fast rolloff of the Gaussian envelope can remove the replica waveforms. This means that the spatial extent of the incident frequency components smooths out the discrete features of the mask. The time window for the sinc envelope is related to a͞w (total frequency per pixel), while the Gaussian envelope is related to w 0 ͞w (the ratio of spot size to pixel width). For removal of the replicas, the temporal length of the shaped waveform must not only fit within the time window specified by the sinc envelope but also be short enough that its replica waveforms are far enough in the tails of the Gaussian envelope. Note that field amplitude removed by the Gaussian envelope corresponds to light that is diffracted into higher-order spatial modes. The results described by Eqs. (30) , (32) , and (33) were previously derived in a slightly different formalism by Weiner and co-workers. 20, 22 Even though arbitrary waveforms can be produced by superposition (and interference) of the N evenly spaced pulses (with complex amplitudes given by C n ) according to Eq. (30), it is sometimes easier to consider pattern sequences with lengths different from the number of pixels N on the mask (including those with p . N because the mask accommodates the spectral bandwidth of the input pulse). If p is the number of features in the designed sequence, then the output waveform will be the superposition of p evenly spaced input pulses (with complex amplitudes) within the time window given by Eq. (33) . In designing the shaped waveform one can discretize the time window arbitrarily. All the results from Eq. (23) onward still hold for N p.
For p small enough that the pulses do not interfere, a pulse train is produced with a frequency given by wp͞2pa. For pulse trains with irregular timings or frequencies that are nonintegral values of w͞2pa, p must be large enough to discretize the desired time points, and the amplitudes of unwanted pulses must be specified to be zero. The p-length pattern B n should be applied to the mask as follows: if the center pixel of the mask is pixel 0, then pixels 0, 1, 2, . . . correspond to B 0 , B 1 , B 2 , . . . and pixels 21, 22, 23 correspond to B p21 , B p22 , B p23 , . . . , with the pattern repeating for p , N.
Effects of Gaps
With an ideal mask the effects of discrete sampling and diffraction from pixel edges must still be accounted for as described above. The effects of the gaps between adjacent pixels on a real mask are now discussed. Recalling Eq. (31), we see that the first term corresponding to the active pixels is similar to Eq. (32), except that the sinc envelope is broadened and lessened in amplitude. This is to be expected, because the mask still samples new angular-frequency components every w͞a but each pixel modulates only a fraction rw͞a of the light at each angular frequency. Because the sinc envelope is broadened, the replica waveforms are somewhat more apparent. The second term in Eq. (31) is the contribution of the gaps to the mask's temporal response. As the filter in each gap is assumed to be the same, the gaps simply reproduce the single input pulse at time zero with a reduced complex amplitude given by ͑1 2 r͒B g . This input pulse is also reproduced as replica waveforms every 62pa͞w outside the pulse-shaping time window. If the spot size for the dispersed frequency components is comparable with the pixel spacing, then these replicas should be largely removed by the fast rolloff of the Gaussian envelope resulting from diffraction. Thus the zero-time coefficient C 0 for Eq. (30) is modified to include the contribution of the gaps:
Note that both A 0 and B g are in general complex, and so the two terms may interfere. For small r one can compensate for this effect by choosing A 0 appropriately.
Centering of the Dispersed Spectrum on the Mask
The effect of a lateral shift x 0 in the position of the mask relative to the center of the dispersed spectrum is now considered. One expects that a shift in a frequency filter will give rise to a temporal phase sweep. The first part of Eq. (31) describes such a phase sweep. This effect needs to be accounted for if one wants to produce waveforms or pulse trains with well-defined and prespecified phase relationships. It also might be advantageous to use this effect to produce phase relationships between pulses that could not be produced with only a phase mask. In any case, it is crucial to know the relative lateral alignment of the mask array to the dispersed spectrum. In practice one can find this alignment by monitoring the power spectrum of the shaped pulse as various pixels are used to attenuate the spectrum.
Phase and Amplitude Modulation
For a mask filter that manipulates both spectral phase and amplitude the desired waveforms (subject to the available time window and temporal resolution) can be generated simply by choice of a mask pattern whose inverse discrete Fourier transform compensates for the sinc and Gaussian envelopes and for the gap contribution at t 0 to give the desired coefficients C n . Note that only the relative values of C n can be specified, because the mask can only attenuate (and not create) spectral components.
Summary and Illustration
The features discussed in this subsection are summarized in Fig. 4 , assuming a mask with 70 100-mm pixels separated by 15-mm gaps, a 75-fs input pulse, and a spot size at the mask of 85 mm. For purposes of illustration we have assumed that the single mask is capable of independent phase and amplitude modulation. Figure 4 (a) shows a desired waveform consisting of four equal-amplitude phased-locked pulses. The dotted -dashed curve shows the time window available for arbitrary pulse shaping. Figure 4 (b) shows the modifications in the output that result from the effects of discrete frequency sampling and finite gaps between the pixels. Discrete sampling results in replica waveforms outside the temporal range that is under arbitrary control. The dotted -dashed curve shows the sinc envelope that modulates the pulse amplitudes, also as a result of discrete frequency sampling. Pulses associated with the gap contribution are also apparent at times 24, 0, and 4 ps. Figure 4 (c) indicates additional modifications to the waveform associated with diffraction effects of the mask. Diffraction effects result in modulation of the waveform shown in Fig. 4 (b) with a Gaussian temporal envelope [dotted-dashed curve in Fig. 4(c) ]. The Gaussian and sinc temporal envelopes lead to a substantial reduction of the replica waveforms. In summary, use of the discrete Fourier transform of the desired waveform as the frequency filter yields the output given in Fig. 4 (c). Better results can be obtained by modification of the mask to compensate for the effects of discrete sampling, gaps, and diffraction. Figure 4 (d) shows the best approximation to the desired waveform that can be generated by a mask with the assumed characteristics, through use of an appropriately modified pattern. A prescription for appropriate pattern design is described in Section 6. Note that the figure plots amplitude and not intensity, so that the total energy in the replica pulses is very small. Currently available masks have smaller (2 -3-mm) gaps and more pixels. The reduction in gap size results in a comparable reduction in the amplitude of the unwanted feature at t 0 and its replicas. This may appear essentially to eliminate such features, but if the desired waveform includes a feature at t 0 then the interference effects may still be significant and should be accounted for in the design of the mask pattern. An increase in pixel numbers results in a comparable relative increase in the temporal range that can be controlled. If a desired waveform extends over the same fraction of the range as that illustrated in Fig. 4 , the replica amplitudes will be the same.
DIFFRACTION OF THE SPATIAL PROFILE OF THE SHAPED WAVEFORM
A. General Considerations
The derivation by Thurston and co-workers 28 reproduced in Subsection 3.B shows that the spatial extent of the frequency components incident upon the mask filter will affect the temporal profile of the shaped waveform. As the spot size of the incident frequency components becomes larger, more light is diffracted out of the Gaussian spatial mode, and the Gaussian envelope modifying the temporal profile of the shaped waveform becomes narrower. In this section we derive the complete space -time profile of the shaped waveform. We will see that light diffracted into higher-order spatial modes still adds coherently to the shaped waveform and cannot be simply removed by spatial filtering with an aperture. In particular, it is shown that filtering of spatially separated frequency components within the grating and lens apparatus shapes the waveform not along the propagation z axis (temporal profile) but along an intermediate axis in the x -z plane. This implies that there is a transverse spatial shift that varies linearly along the temporal profile of the shaped waveform. The variation in the space -time profile as the mask is displaced from the focal plane is also derived.
These theoretical results explain some peculiar experimental observations in both our laboratory and that of the Bellcore researchers. In the Bellcore experiments waveforms whose intensity profiles were supposed to be symmetric were observed to be asymmetric. The asymmetry varied depending on the size of an aperture used to spatially filter the shaped waveform and on the position of the mask relative to the focal plane. 20 In our own laboratory we have made similar observations. We have also noticed that this asymmetry appears to vary directly with the position of the doubling crystal used to measure the shaped waveforms by noncollinear cross correlation with an unshaped reference pulse. This observation is consistent with the hypothesis that the shaped waveform has a space -time dependence that affects its overlap and its phase matching with the reference pulse in the doubling crystal.
The 33 The electric field is expressed in both time and frequency domains and also in position and wave-vector domains, distinguished by the notational conventions e͑x, t͒, E͑x, v͒, e͑k, t͒, and E͑k, v͒. The following three properties are also used: (1) From Fourier optics it is known that the transverse spatial profile in the front focal plane e͑x, z F ͒ of a lens of focal length F, situated at position z 0, is related through a Fourier transform to the transverse spatial profile in the back focal plane of a lens e͑x, z 2F ͒. In particular,
(3) As derived by Martinez 31 (under the assumption of linear dispersion), the transfer function for a grating is given by
v, u i and u d are the angles of incidence and diffraction respectively, and d is the grating line spacing. The multipliers b i are multiplicative constants that take into account reflection and absorptive losses and also normalize the waveform energy for the different mathematical operations. Figure 1 illustrates the single mask in the 4-F pulseshaping apparatus. Let the mask be displaced from the focal plane by a distance z 0 . The input waveform is assumed to be separable in time and space with a collimated Gaussian spatial profile of spot size a:
B. Derivation of the Space-Time Profile of the Shaped Waveform by use of a Single Mask
Applying Eq. (37), immediately after the first grating one has
where E in ͑v͒ is the temporal Fourier transform of the input pulse envelope e in ͑t͒. The spatial profile of the beam in the focal plane of the lens pair is given by the spatial Fourier transform of Eq. (39) according to relation (35) .
To propagate the beam to account for a displacement of the mask position from the focal plane, an expression for the field amplitude in wave-vector space is needed so one (39) and the substitution x klF͞2p, giving
Equation (40) is now used to propagate the field a distance z 0 to the displaced mask. In position space the mask profile is multiplied by the field amplitude, so in wave-vector space the mask profile is convolved with the field amplitude according to the product theorem for Fourier transforms. The field amplitude is then propagated a distance 2z 0 back into the focal plane of the lens pair. After the mask and in the focal plane one has
Recall that the Fourier transform of the mask pattern [Eq. (23)] can be expressed as
Carrying out the convolution in Eq. (41) gives
The spatial profile of the electric field immediately before the second grating is determined by inverse spatial Fourier transformation of Eq. (44) followed by a spatial Fourier transformation according to relation (35) :
The inverse transfer function of Eq. (37) is used to describe the action of the second grating (which is antiparallel to the first grating), so that the output electric field amplitude after the pulse-shaping apparatus is given by
Taking the inverse temporal Fourier transform of Eq. (46) gives the shaped output waveform:
where t glF͞Nw (which is the same as the previous definition in Subsection 2.B), and x dlF͞Nw. Calculation of the temporal profile for the Gaussian spatial mode (with spot size a) e out 00 ͑t͒ of the shaped waveform from Eq. (47) gives the following result:
The Gaussian envelope modulating the shaped waveform in Eq. (48) is identical to that calculated in Subsection 2.B, except that the dependence of the spot size on the position of the mask relative to the focal plane is made explicit. For the case of z 0 0, which means that the mask is exactly in the focal plane of the lens pair, the space -time profile in Eq. (47) simplifies to give e out ͑x, t͒ exp͑ivt͒X n2`c n e in ͑t 1 nt͒
This is a significant result because it shows that, even for a perfectly aligned spectral filtering setup, the output waveform is both temporally and spatially shaped, and this spatial shaping cannot be simply removed by spatial filtering with an aperture. Equation (49) shows that the shaped waveform is a superposition of equally spaced input pulses, as discussed above, but it also shows that each input pulse that is displaced in time is also transversely displaced, and the greater the displacement in time the greater the displacement in space. In particular, replica waveforms, which arise from the discrete sampling of the mask filter, are always present in the shaped waveform but are displayed away from the central Gaussian spatial spot. An aperture can remove the distant replicas, but pulses within the apertured light are still displaced from one another. Figure 5 shows the space-time electric field amplitude for a simulation of a shaped waveform designed to consist of three evenly spaced pulses of equal intensities. The simulation assumes an available time window of 10 ps. Because the three pulses occupy ϳ6 ps of this, replica pulses outside the time window are apparent. The striking feature of the waveform is the transverse displacement of the different pulses. In principle there are additional replica pulses (of reduced intensity) that would continue to be further displaced transversely as they are further displaced from the temporal origin of the unshaped pulse. Clearly the contributions of these different pulses to the Gaussian spatial transverse mode of the shaped waveform are reduced as they are displaced in time. Thus the removal of replicas effectively consists of diffracting them away from the central portion of the desired waveform. Nonetheless even the three pulses that make up the desired waveform have a time-dependent transverse displacement. Note that the plots are of field amplitude and not of field intensity, so there is still relatively little energy in the replica pulses.
The slope of this time-dependent lateral shift is given by ≠x͞≠t 2x͞t 2cd cos͑u i ͒͞l ,
which for typical parameters ͑d 1800-line͞mm gratings, l 800 nm) is ϳ0.15 mm͞ps. Equation (50) shows that this slope depends only on the angular dispersion produced by the grating. However, the effect of this lateral shift is measured relative to the spot size of the unshaped incident pulse. Spatially large input pulses produce a tightly focused spectrum on the mask, minimizing diffraction, so that less light is diffracted away from the Gaussian spatial mode. For example, if in Fig. 5 the spot size of the individual pulses is made larger, then the timedependent transverse shift is less emphasized. To determine the maximum transverse displacement x in the desired part of the shaped waveform recall that the shaped waveform is controlled only within the time window given by 2Nt͞2 # t # Nt͞2, so the transverse displacement in this time window is given by
For typical experimental parameters ͑l 800 nm, w 100 mm, and F 20 cm) x 1.6 mm, which is not negligible for comparable spot sizes. Replicas are transversely shifted by a magnitude exceeding x͞2. If the mask is displaced from the focal plane, the wavefronts of the incident frequency components have some curvature. Equation (47) shows that this results in a linear spatial phase sweep across the individual pulses whose superposition produces the shaped waveform and that there is a small phase modification to the coefficients c n . This spatial phase sweep exp͓i2p͑z 0 ͞dfw͒ ͑n͞N͒x͔ is equivalent to a shift in transverse wave-vector space of 2p͓͑z 0 ͞dfw͒͑n͞N͔͒ and implies that the propagation direction of the shaped waveform changes slightly along its temporal profile. Thus for a mask filter displaced from the focal plane the time-dependent transverse shift is accompanied by a time-dependent shift in propagation direction. In Fig. 5 this would be illustrated by a slight tilt in the phase fronts of the different pulses. The slope of this tilt would increase in absolute magnitude as pulses are displaced further from t 0. As shown by Eq. (48), this implies that more light is diffracted away from the Gaussian spatial mode.
An estimate of the magnitude of this temporal divergence r can be determined by a comparison of the difference Dk x between the shift in transverse wave-vector at opposite ends of the pulse-shaping time window ͑n 2N͞2 and n 1N͞2) to the magnitude of the propagation wave vector k z 2p͞l:
For typical parameters and z 0 5 mm, Eq. (52) gives r 200 mrad. This is the angular difference in propagation direction between the opposite temporal ends of a shaped waveform that fills the pulse-shaping time window. Replica pulses outside this time window have an angular divergence whose magnitude exceeds r͞2. For large propagation distances this effect may become significant.
PULSE SHAPING WITH TWO MASKS A. General Considerations
It is clear that generation of arbitrary temporal waveforms requires a spectral filter that can manipulate both amplitude and phase independently, so two LC SLM's need to be incorporated into the pulse-shaping setup. What needs to be determined is under what circumstances the combined spectral filter associated with two LC SLM's can simply be given by their product. In this case the two LC SLM's can be treated as a single mask with independent control over spectral attenuation and spectral retardation. Clearly, if there is no spatial separation between the two masks the combined filter is given by their product, and one can apply the LC filters described in Section 1. However, for separated masks diffraction effects will manifest themselves as the light field propagates between the masks. In our initial demonstration of pulse shaping using two LC SLM's, 23 the SLM's were placed within separate telescopes of an 8-F arrangement as in Fig. 3 . An aperture was placed between the second and the third lenses (where the separated frequency components are recombined) with the assumption that this would retain only the Gaussian spatial mode of light shaped by the first mask. Under such an assumption the combined frequency filter is not given by the product of the two masks because the Gaussian envelope given by Eq. (29) modulates the temporal response of the individual masks.
Alternatively, the two SLM's could be placed back to back in a single telescope of a 4-F arrangement (Fig. 1) . However, the physical size of the SLM devices including the windows makes it impossible for both masks to be inside the focus of the lens pair. One mask will necessarily be displaced from the focal plane, and the spatial profile of light diffracted off the first mask will change as the light propagates through the space between masks.
In this section we give the electric field space -time amplitude profiles for waveforms shaped by two LC SLM's in both the 4-F and the 8-F arrangements. The temporal profile for the Gaussian spatial mode of the shaped waveform is also given. Derivation of these results follows exactly the same path as the calculation in Section 4 and will not be presented here. The dependence on the position of the masks relative to the focal plane(s) is described explicitly. The equations that follow can be used to model the tolerances of different pulse-shaping arrangements. Some simulations are shown in Section 6.
It is also important to distinguish the case in which the orientations of the LC's in the two separate SLM's differ by 90 deg and there are no intermediate polarization optics to couple them. In this case the two LC SLM's operate on orthogonal polarizations, and the output waveform is given by the superposition of two waveforms with orthogonal polarizations, each shaped by a single phase mask. A subsequent polarizer can be used so that the two masks combine to produce a filter that independently manipulates spectral amplitude and spectral phase [Eq. (11)]. The individual masks will still be affected by displacements from the focal plane (as described in Section 4). However, there will be no multiple diffraction by the two masks. In particular, light diffracted by one mask out of the Gaussian spatial mode cannot be diffracted back into the Gaussian spatial mode by the second mask. This is not the case for a pair of masks coupled to the same polarization, which will generate a temporal profile that will manifest path-length variation associated with multiple diffraction.
It is shown that properly aligned masks in an 8-F arrangement produce a shaped waveform whose space -time profile is given exactly by a spectral filter that is the product of the two separate masks. The same is true for the temporal profile of the Gaussian spatial mode of a waveform shaped by properly aligned masks (with some finite separation) that manipulate orthogonal polarizations. In all cases, the time-dependent transverse spatial shift described in Section 4 for a single mask is still present.
B. Two Masks in an 8-F Arrangement
For two separated masks that filter nonorthogonal polarizations within the 8-F grating-and-lens apparatus (Fig. 3) , with the masks displaced by distances z ͑1͒ 0 and z ͑2͒ 0 away from the respective focal planes of the two telescopes, the field amplitude of the shaped waveform is e out ͑x, t͒ exp͑ivt͒X
where the superscripts denote the first and second masks, respectively, and the other parameters are as defined in Section 4. Under the condition z 
We derive these results assuming that there is no aperture between the second and third lenses (unlike in our initial experiments), so light diffracted by the first mask into higher-order modes is retained. Equation (54) shows that the shaped waveform has properties identical to those produced by a single mask [Eq. (47)], except that c n Pǹ
This describes exactly a single mask whose spectral filter is given by the product of the two separated masks (with the second mask inverted as a result of the telescope). Even though the first mask diffracts the incident pulse into higher-order spatial modes, the frequency filter for the spatially separated masks is given exactly by their product. This result obtains because in the case of z ͑1͒ 0 z ͑2͒ 0 z 0 the spatial profile immediately after the first mask is exactly imaged onto the second mask, except for the inversion x ! 2x, which one can also account for by inverting the mask pattern.
The temporal envelope for the Gaussian spatial mode associated with the space -time profile given by Eq. (53) is
Again under the condition z 
C. Two Masks in a 4-F Arrangement
For two masks that filter nonorthogonal polarizations, situated back to back within a 4-F grating-and-lens apparatus ( Fig. 1) , the space -time electric field profile is given by e out ͑x, t͒
where the first mask is displaced from the focal plane by a distance z 0 and the second mask is placed a fixed distance z in front of the first. This expression has terms similar to those of Eq. (53). However, for practical considerations (in particular because of the finite size of the SLM devices) this expression usually requires that z fi 0, meaning that there is a minimum separation between the two masks, which therefore cannot both be in the focal plane. The temporal envelope for the Gaussian spatial mode of the waveform described by Eq. (56) is given by
With the first mask in the focal plane ͑z 0 0͒, Eq. (56) only partially simplifies, to give
A neater expression does not result for the symmetric case of z 0 2z͞2. For small separations the spatial periods in the second sum are small compared with typical spot sizes, so the spatial variation from this sum should be negligible and we can replace x in this term with nx, giving the following expression:
Equations (56) - (59) show that the combined spectral filter in this case is not given exactly by the product of the individual masks but includes terms that account for pathlength variations as diffracted light propagates between the two masks. The parameter zl͞w 2 is indicative of the magnitude of this effect, measuring the degree to which the spatial profile of each frequency component changes between the two masks. If this parameter is small then the combined spectral filter of the two masks is given approximately by the product of the individual mask filters. Otherwise, the appropriate mask patterns for a desired waveform must be determined by numerical inversion of Eq. (57). Such a method is described in Section 6.
D. Two Masks That Filter Orthogonal Polarizations
Here we consider the case described in Section 1, consisting of two masks with LC's aligned along axes at 45 and 245 deg in the x -y plane, followed by a polarizer aligned along the x axis. The incoming polarization is also aligned along the x axis and can be decomposed into components of equal amplitude polarized at 645 deg. Each mask will appear uniform for one polarization and will provide a variable retardance across its array for the other polarization. Because the orthogonal polarizations see only one mask pattern there is no multiple diffraction. After the polarizer following the pair of masks the field is given by the sum of the two orthogonal fields.
The space-time profile of the shaped waveform produced with two masks in a 4-F arrangement is given by the sum of two expressions that describe the field produced by a single mask [Eq. (47)] with parameters z ͑i͒ 0 and c ͑i͒ n , where i denotes the first or the second mask:
The coefficients c ͑i͒ n are those produced by a phase-only filter in expression (43), and in the case of an 8-F apparatus c ͑2͒ n must be replaced with c ͑2͒ 2n to account for the spatial inversion by the second telescope.
The temporal envelope for the Gaussian spatial mode of the shaped waveform described by Eq. (60) is given by e out 00 ͑t͒ X n2`e in ͑t 1 nt͒exp
Equations (60) and (61) show that the combined frequency filter for two masks that filter orthogonal polarizations and have some finite separation is not in general given by the product of the individual mask filters. If the respective displacements of the two masks from the focal plane are equal and opposite, z 
. (62) Equation (62) is identical to Eq. (48), which describes the temporal envelope for the Gaussian spatial mode of a shaped waveform produced by a single mask, except that c n ͓c ͑1͒ n 1 c ͑2͒ n ͔͞2 and z 0 z͞2. This shows that, with respect to the Gaussian spatial mode of the shaped waveform, two masks that filter orthogonal polarizations and have some finite separation between them can be positioned so that the combined spectral filter for the two masks is given by the product of the individual mask filters.
SPECIFYING TEMPORAL PROFILES A. Single Mask with Independent Phase and Amplitude Control
In this section we present a systematic prescription to generate specified temporal profiles for shaped waveforms. Ideally one would have a single mask with infinite spatial resolution, no gaps, and the capability to independently filter both spectral amplitude and spectral phase. Thus, if the desired waveform were h(t) (implicitly including the optical carrier frequency), the appropriate mask filter m(x) would be given by
where H ͑v͒ is given by the temporal Fourier transform of h͑t͒. Because the mask can filter only existing frequency components, the absolute value of m(x) is always less than or equal to 1, and so Eq. (63) shows that the desired waveform has temporal features and a carrier frequency limited by the bandwidth available in the input pulse.
Otherwise the desired waveform can be arbitrary. Even with such an ideal mask, as we are filtering spatially separated frequency components, the diffraction results described in Section 4 still obtain. Thus the waveform produced by the mask filter m(x) in Eq. (63) is given by e͑x, t͒ h͑t͒F ͑x 2 td͞g͒ ,
where F(x) is the spatial profile of the input pulse. The temporal profile of the Gaussian spatial mode of e͑x, t͒ in Eq. (64) is modified by a Gaussian temporal envelope as described in Subsections 2.B and 3.B. For the remainder of this section we will assume that it is this temporal envelope of the Gaussian spatial mode e out 00 ͑t͒ of the shaped waveform that is to be specified.
In the more realistic case of an impixelated mask with N discrete pixels such as a LC SLM, the output waveform shaped by the pulse-shaping apparatus (as derived in Subsection 2.B) is given by e out 00 ͑t͒ P 2`C n e in ͑t 1 tn͒ ,
where the coefficients C n are given by Eq. (31) and are independently specified only by the N pixel filters B n for 2N͞2 # n , N͞2. Other values of n correspond to replicas. Within this time window arbitrary waveforms can be produced for the appropriate values of the coefficients C n , though the temporal resolution of the desired waveform is still limited by the bandwidth of the input pulse. In Appendix 1 the appropriate values for C n are determined for an arbitrary waveform. To determine the appropriate mask pattern B n that produces the desired values C n , one must recall Eq. (31). Rather than B n being specified by the inverse discrete Fourier transform of C n , it should be given by the inverse discrete Fourier transform of C n after compensation for the gap contribution, the sinc envelope resulting from discrete sampling, and the Gaussian envelope resulting from diffraction by the mask. If the mask filter B n is capable of both amplitude and phase manipulation this is trivial. B n should be given by the inverse discrete Fourier transform of A n , where A n is given by
for the desired values of C n for 2N͞2 # n , N͞2 and for h determined self-consistently to normalize the desired waveform such that jB n j # 1. Note that the subscripts n are labeled such that the filter B 0 corresponds to the pixel on the mask upon which the central carrier frequency v is incident. For r 1 (no gaps or negligible gaps) Eq. (66) simplifies, and A n needs only to be scaled for the Gaussian and sinc envelopes. We used the above prescription to determine the correct mask pattern to compensate for gaps and impixelation in the generation of Fig. 4(d) (as described in Subsection 3.C.5). Recall that the desired waveform consisted of four equal-amplitude phase-locked pulses spanning 2 ps and was generated with a hypothetical mask consisting of 70 100-mm pixels and 15-mm gaps. Within the 4-ps time window the desired waveform is easily produced. However, outside this time window low-amplitude replica pulses are necessarily produced as well.
The replicas become larger as the temporal extent of the desired waveform occupies more of the time window 2Nt͞2 # t , N t͞2. Both the desired waveform and the replicas are modulated by the sinc and Gaussian envelopes. The sinc envelope modulates the temporal profile of the output waveform across its entire transverse spatial profile. As derived in Section 4, the output waveform undergoes a time-dependent transverse spatial shift along its temporal profile as a result of diffraction. The Gaussian envelope reflects the fact that this transverse spatial shift removes light amplitude away from the central Gaussian spatial mode. To reduce the amplitude of replica pulses, the spot size of the frequency components incident on the mask can be made larger, thus narrowing the Gaussian envelope. This is equivalent to making the spot size of the input pulse smaller, thus increasing the relative magnitude of the transverse spatial displacements. Thus one can make the replica amplitudes in the temporal profile of the Gaussian spatial mode of the output waveform very small by narrowing the Gaussian envelope, but the absolute energy (across the entire transverse spatial profile) is modulated only by the sinc envelope.
In practice, if one generates waveforms that occupy only a third of the available time window, the largest replica will have an amplitude of approximately one fifth of the desired waveform's amplitude, and within the central Gaussian spatial mode (with w 0 w) the amplitude of the largest replica is approximately one twelfth of the desired waveform's amplitude.
B. Two-Mask Filtering and Iterative Improvement of the Shaped Waveform
A single LC filter cannot independently control retardation and attenuation, but, as we showed in Section 2, when two LC filters are combined the product of their filters can provide independent control. In the case of two LC SLM's with some finite separation the combined filter is not necessarily given by the product of the individual masks because the propagation of light diffracted by the first mask pattern will result in a modified spatial profile incident upon the second mask. In Section 5 the exact space -time profiles of light shaped by two spatially separated masks were calculated. Determination of the appropriate mask patterns B ͑i͒ n for a specified waveform given by coefficients C n would require the inversion of Eqs. (55), (57), and (61). In general this would have to be done numerically. However, the temporal modifications resulting for the separation of the two LC SLM's and some misalignment with respect to their displacements from the focal plane(s) are in general small. In practice, it is best to assume that the two LC SLM's do approximate a single device capable of independent control over spectral amplitude and spectral phase. In Section 5 it was shown that this is exactly true for two properly positioned masks in an 8-F arrangement and also for the temporal profile of the Gaussian spatial mode of a waveform shaped by two orthogonal LC SLM's with some finite separation in a 4-F arrangement.
To generate user-specified waveforms one implements the prescription in Subsection 6.A to determine the mask filter for a single mask B n for the desired coefficients C n . The appropriate filters for the individual masks B ͑i͒ n are then determined according to Section 2 so that their product equals the hypothetical single mask pattern B n . Figure 6 illustrates a simulation of the temporal amplitude of the Gaussian spatial profile of a waveform shaped by two LC SLM's (with 128 95-mm pixels and 5-mm interpixel gaps) that filter orthogonal polarizations in a 4-F apparatus. The desired waveform consists of three pairs of equal-amplitude pulses with the relative amplitudes of the three pulse pairs given by the ratio 2:4:3. The six pulses each have the same optical phase. The spot size of individual frequency components in the focal plane is specified as 80 mm. The masks are separated by 5 mm, and the first mask is displaced from the focal plane by 11 cm. Figure 6(a) gives the amplitude of the shaped waveform for a mask without any compensation ͑A n C n ͒. The gap term at t 0 and the modulation of pulse amplitudes is clearly evident. Figure 6(b) shows the amplitude of the shaped waveform when Eq. (66) is used to determine A n . The spot size w 0 used in the Gaussian envelope [Eq. (29) ] is that of an individual frequency component incident upon the first mask. Figure 6(b) shows that the desired waveform can be produced with excellent fidelity. The somewhat noisy baseline results from the finite separation between the two masks and the displacement of the combined device from the focal plane. However, the mask separation and displacement from the focal plane are relatively large compared with the placements that can be achieved experimentally. Therefore the assumption that the two LC SLM's can combine to produce an arbitrary spectral mask filter given by the product of their individual mask patterns seems well within experimental tolerances.
An exception to this is the gap contribution at t 0 for LC SLM's that do not filter orthogonal polarizations and thus produce multiple diffraction. Because the effective pixel width of the gaps is very small (ϳ5 mm), diffraction by these features is manifested for shorter propagation distances as predicted by the size of the parameter zl͞w 2 (as discussed in Subsection 5.C), where w is replaced by the gap width. Figure 7 shows a simulation of the temporal amplitude of a waveform shaped by two LC SLM's configured as phase and amplitude masks (masks that filter nonorthogonal polarizations) in a 4-F arrangement. Unless otherwise stated, the parameters for the simulation, such as the desired waveform, are the same as for Fig. 6 . The two mask filters are specified such that their product is given by the inverse discrete Fourier transform of C n , and so the gap and the envelope contributions to the output waveform are not being explicitly compensated for. The two masks are positioned symmetrically about the focal plane with separations of 0 mm, 3 mm, and 3 cm for Figs. 7(a), 7(b), and 7(c), respectively. Although the baseline noise increases with mask separation, the gap term at t 0 actually disappears with increasing mask separation. This occurs because the frequency components incident upon the gaps of the first mask do not reach the gaps of the second mask so effectively when the mask separation is large.
Implementation of the prescription in Subsection 6.A would not correctly compensate for the gap contribution in this case. Nonetheless the waveforms in Figs. 7(a) -7(c) are close to the desired waveform. This suggests that the filter given by A n C n is a reasonable initial guess, which, if needed, can be followed by iterative improvement of the fidelity of the generated waveform. This is the starting point that we have used in generating a numerical algorithm to derive the appropriate mask patterns for a desired waveform that is not produced with sufficient accuracy by the previous prescription.
For the jth guess A ͑ j ͒ n , the mask filters B is determined according to
The initial guess is usually given by A ͑0͒ n C n , and the parameter p is typically 4. We have found that this algorithm usually converges within ϳ20 iterations and can compensate for some systematic misalignment. Figure 7 (d) shows a simulation of the temporal amplitude of the Gaussian spatial mode with the filters for the two LC SLM's determined according to this algorithm and with the two masks separated by 3 cm as in Fig. 7(c) . The waveform noise in the baseline is both smoothed and reduced in intensity compared with the waveform in Fig. 7(c) .
A more dramatic example of the implementation of this algorithm is given by the simulation illustrated in Fig. 8 . In this case the registration of the two masks is off by 30 mm. Clearly the assumption that the two combined LC SLM's are equivalent to a single mask capable of an arbitrary filter is no longer valid in this case. The desired waveform is identical to that of Figs. 6 and 7. The two LC SLM's are configured to filter orthogonal polarizations and are situated symmetrically about the focal plane of a 4-F pulse-shaping apparatus with a separation of 3 mm. Figure 8(a) shows the temporal profile of the Gaussian spatial mode of the waveform shaped with mask filters determined according to A n C n . The lack of registration considerably degrades the fidelity of this waveform. Figure 8(b) shows the waveform produced after 20 iterations of the algorithm described by Eq. (67). The resulting waveform reproduces the desired one with excellent fidelity.
C. Single Phase Mask
There has been a significant amount of research by Weiner and coworkers on shaped waveforms; they used prefabricated masks that manipulate only the spectral phase. 19, 34 In these waveforms the pixel widths can be varied but usually involve only binary filters. For example, pulse trains of varying repetition rates have been produced by binary-valued phase-only filters made from etched silica substrates in which different repetition rates correspond to different pixel widths. In contrast, a single LC SLM has fixed pixel widths but is capable of gray-scale retardation.
A variety of shaped pulses can be produced with a single LC mask configured as a phase mask. The shaped waveform is still given by Eqs. (43), (47), and (48), except that now A n is no longer arbitrary because its discrete Fourier transform must be given by
General spectral phase manipulation such as linear, quadratic, and cubic phase sweeps will produce the desired output waveform along with the superposition (and possible interference) of the gap contribution. As the phase manipulation begins to produce temporally extended or displaced pulses, replica waveforms will also contribute to the output waveform. For very large phase sweeps (ones that produce waveforms outside the available time window), the sampling of the discrete pixels will be insufficient, and the replica waveforms will interfere with the desired waveform. Because the frequency filter is no longer arbitrary, temporal amplitude and phase for the shaped waveform cannot both be specified. For many applications, pulse trains without specified phase relationships may be useful. 7 For this reason we tried to produce optical waveforms with specified temporal intensity profiles but arbitrary temporal phase profiles from a single phase mask.
In this case we must find the spectral phase filter exp͑iw n ͒ whose inverse discrete Fourier transform has a Fig. 8 . Simulation of the time-dependent amplitude profile of the Gaussian spatial mode of a waveform shaped by the use of two LC SLM's with a separation of 3 mm that filter orthogonal polarizations in a 4-F apparatus. The two masks are positioned symmetrically about the focal plane but are laterally translated from each other by 30 mm (i.e., they are no longer in register). The desired waveform is the same in Figs. 6 and 7. The mask pattern for (a) was determined by discrete sampling of the Fourier transform of the desired waveform and assuming that the masks were equivalent to a single device capable of manipulating both spectral phase and amplitude. The mask pattern for (b) was determined according to Eq. (67). This illustrates that iterative improvement of the output waveform can correct for the lack of registration between the two masks.
square modulus that approximates the desired intensity of the pulse sequence:
Note that because only the amplitude of A n is specified, we do not control the interferences between the superposition of input pulses. Thus we will try to specify only waveforms that consist of temporally separated input pulses. To enable us to do this the pattern length p (which specifies the number of pulses that are evenly spaced in the time window) must be small enough that the pulses are separated from one another or that the amplitudes of pulses that would interfere are specified to be zero. As p increases it becomes increasingly difficult to find a phaseonly filter in which many of the elements of A n are zero because we lose the degree of freedom associated with letting the temporal phases of those elements vary.
To produce a series of evenly spaced pulses, for example, we can specify a mask such that
The pixel width and hence the size of the time window are fixed, but the number (equal to the length of the filter pattern) of evenly spaced pulses within the time window is integrally varied. The repetition rates F of the generated pulse trains are given by
where p is an integrer and gives the length of the pattern sequence. Thus generation of pulse trains with various repetition rates is possible with a phase-only mask. Clearly, if p is too small there are too few pulses in the train, and if p is too large the pulses in the train begin to interfere with one another. Changing the angle of the gratings or changing the focal lengths of the lenses in the apparatus will change a, and so will also change the available frequencies for the pulse trains, but these adjustments are not made routinely.
The gap contribution will still contribute to the pulse at t 0. One can control this interference by adjusting the overall phase of the shaped waveform to add a constant retardation across the spectrum. More-complicated pulse trains in which the intensities of different pulses are changed and some pulses eliminated can be made. Again the task is to find some sequence whose length discretizes the time window appropriately and whose phase-only filter satisfies relation (69).
We have used simulated annealing algorithms 35 and simple inverse Fourier-transform algorithms to determine the phases w n that best satisfy relation (69) for a variety of waveforms. These were used to generate the mask filters for the phase-only waveforms experimentally generated in our previous report, 23 which included pulse trains with variably repetition rates from 1.10 to 3.95 THz with 0.22-THz intervals. The overall intensity envelope of the pulse train could also be manipulated, and flat-topped and descending pulse trains were also produced.
PRACTICAL CONCERNS AND FUTURE PROSPECTS
A. Generation of High-Fidelity Waveforms
The dominant factors that limit the range of specified optical waveforms are limitations in temporal resolution according to the available spectral bandwidth of the input pulse (which also restricts the optical carrier frequency of any waveform feature), limitations in temporal range according to the spatial resolution of the mask, and temporal variation of transverse spatial profiles resulting from diffraction off the mask pattern. These effects are present even for the ideal case of a single mask capable of arbitrary spectral filtering. Assuming that one is concerned only with the Gaussian transverse spatial mode of the shaped waveform, only the temporal envelopes resulting from discrete sampling and diffraction into the Gaussian mode and a small correction for the gap contribution at t 0 need to be compensated for as described in Subsection 6.A. For appropriate arrangements, replica waveforms arising from the discrete sampling are diffracted away from the Gaussian transverse spatial mode and so do not contribute significantly.
In practice, even for cases with two masks it is best to consider only these factors illustrated by the simulations in Section 6. Present commercial LC SLM's have interpixel gaps of 2 -3 mm with 100-mm pixel widths, so the gap contributions become very small. For small gaps it is sometimes best to ignore the gaps altogether when one is determining the appropriate mask filters, especially for the case of the two spatially separated masks that filter nonorthogonal polarizations in a 4-F arrangement (as discussed in Subsection 6.B).
More-critical practical concerns are accurate alignment and calibration of the two LC SLM's. As shown in Fig. 8(b) , inappropriate registration between the two masks seriously degrades the fidelity of the anticipated waveform. Significant degradation can also occur if the polarization of the incident light and the relative orientations of the LC's in the two SLM's are not matched properly. This reduces the possible extinction of the dual-LC filter and makes it difficult to produce the desired attenuation and retardance for the combined filter. Relative displacement of the LC SLM's should also be optimized, though this is less critical.
In our first demonstration of pulse shaping using two LC SLM's (Fig. 3) the two masks were placed in an 8-F arrangement, and a series of polarization optics was used within the grating-and-lens apparatus to configure the first mask as a phase mask and the second mask as an amplitude mask. Such a setup should in principle produce high-fidelity shaped waveforms, but in practice proper alignment is difficult. The two masks must be aligned such that their pixels are in register, and the lenses must be aligned properly so that the lateral dispersion incident upon each mask has the same magnitude. The different polarization optics need to be properly aligned so the LC SLM's are indeed configured as phase and amplitude masks, respectively. Furthermore, because the wave plates are placed within tele-scopes, their performance is fundamentally limited by the beam divergence from the focusing lenses. An improved setup would minimize the number of optics and reduce the alignment degrees of freedom as discussed below in Subsection 7.B.
In any case, because the mask patterns are programmable, the fidelity of the shaped waveform can be iteratively improved. To account for systematic limitations (e.g., gaps), misalignment, and imperfect calibration, the algorithm described in Subsection 6.B could be implemented, though rather than calculating the output waveform (which would require complete knowledge of all pulse shaping parameters) one should measure the output waveform experimentally. The mask filters would then be iteratively improved according to Eq. (67). Emerging optical techniques such as frequency-resolved optical gating could be employed to provide complete temporal characterization of the amplitude and phase profiles of shaped waveforms. [36] [37] [38] 
B. LC SLM Technology
Our original pulse-shaping efforts 23 were performed with a pair of commercial LC SLM's consisting of 70 100-mm pixels with 15-mm interpixel gaps. Previous experiments by the Bellcore researchers 22 involved a homebuilt LC SLM with 128 40-mm pixel and interpixel gaps of 2.5 mm. Current commercial LC SLM's have 128 pixels and 2 -3-mm interpixel gaps and are available from Meadowlark Optics and Cambridge Research and Instrumentation.
Recently we worked with Cambridge Research and Instrumentation to combine two 128-pixel LC SLM's into a single device. The two masks are separated by only 2.2 mm and are glued together during fabrication with excellent lateral and orientational alignment. The composite device is placed in the focal plane of a 4-F gratingand-lens apparatus. The long axes of the LC's in the two masks are aligned at 245 and 45 deg, respectively, and filter orthogonal polarizations as described in Section 2. The only additional optics required are two polarizers that are aligned along the x axis and that sandwich the composite device. The polarizers can also be glued directly onto the SLM's so their orientation is also optimized during fabrication. Simulations in Subsection 6.B show that the small separation between the two masks is negligible and that the device can be considered a single mask capable of independent control over attenuation and retardation. The resulting pulse-shaping apparatus has fewer optics and fewer alignment degrees of freedom than our earlier one. Preliminary results with this setup are excellent.
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C. Prospects
The present analysis and previous experimental results demonstrate that the generation of arbitrary temporal envelopes for the Gaussian spatial transverse mode of optical waveforms is routinely possible with a pair of LC SLM's. However, it is also clear from the present analysis that higher-order spatial modes are also present in the shaped waveforms and that these are not removed simply by spatial filtering with an aperture. These effects are small but not negligible and may introduce undesirable consequences in some applications. We have seen preliminary experimental indications that use of the shaped waveform as a seed in a regenerative amplifier, which supports only a Gaussian mode, can successfully remove contributions from the higher-order spatial modes. The spectral operations for stretching and compressing pulses in chirped pulse amplification 39 are all linear operations, so the spectral content of the shaped pulse should still be present in such systems. Detailed verification that amplified shaped waveforms are spatially independent of time and that they retain their temporal profile is an essential step in the advancement of pulse-shaping technology. Preliminary results in our laboratory and others are encouraging. 25, 40 Weiner and co-workers have also shown that shaped waveforms can be coupled into a single-mode fiber that will retain only the Gaussian spatial mode. 10, 41 Deviations in the temporal profiles of shaped waveforms as a result of amplification could also be reduced by use of the frequency-resolved optical gating method to characterize the amplified output and to iteratively improve the spectral filters of the masks. In this way the LC SLM might also be useful to recompress pulses (or features within a waveform) to their bandwidth-limited duration after amplification. A programmable pulseshaping setup could involve integrated apparatuses for the generation, amplification, and characterization of shaped optical waveforms.
APPENDIX A
Subject to a limited time window and temporal features no shorter than the bandwidth-limited input pulse, the possible arbitrary waveform envelopes that can be produced by the N pixel mask are given by e desired ͑t͒ e in ͑t͒ ≠ N 21
where 2Nt͞2 # T n , Nt͞2. The input pulse can be placed at various times T n (within the time window) with a complex amplitude H n , and the resulting superposition produces the output waveform. Placing more than N input pulses in the desired output waveform is redundant because of the limited time window and the temporal width of the input pulse.
To show the equivalence of the waveform described by Eq. (A1) and the waveform described by Eq. (65) within the time window 2Nt͞2 # t , Nt͞2, we Fourier transform the two expressions:
C n exp͑ivnt͒ .
(A2)
Because the spectrum of the input pulse is assumed to fit on the mask, we can remove the term E in ͑v͒ from Eq. (A2) and require the equivalence only over the range given by 2p͞t # v # p͞t. We can then easily determine the appropriate coefficients C n by multiplying both sides by exp͑2ivtn 0 ͒ and integrating over v in the range 2p͞t # v # p͞t:
Thus the arbitrary waveform described by Eq. (65) is equivalent to Eq. (A1).
